The set-transitive groups acting on an n symbol set (i.e. the groups that have n + 1 set-orbits) have been classified in [2] . In this paper we completely classify the groups with n + r set-orbits for 2 ≤ r ≤ 5 as well as lay out a method that allows one to go further.
Introduction
A permutation group G acting on a set N induces an action on the power set P(N ). We call the orbits of this action set-orbits. Let χ s (G) denote the number of set-orbits of G with elements that have cardinality s. Let χ(G) = |N | i=0 χ i (G), so χ(G) is the total number of set-orbits of G. Obviously χ(G) ≥ |N | + 1 as sets of different cardinality belong to different orbits. Set transitive groups, i.e., groups with χ(G) = |N | + 1 have apparently first been considered by J. Von Neumann and O. Morgenstern [9] . Apart from some examples of degree at most 9, a set-transitive group of degree n always contains the alternating group Alt(n) (see [2] ). Another trivial lower bound for a permutation group G of degree n is χ(G) ≥ 2 n /|G|. P. J. Cameron in [6] proved that for groups of order exp(o(n 1/2 )) we have χ(G) = (2 n /|G|)(1 + o(1)).
Let G be a permutation group of degree n. In [1] , Babai and Pyber showed that if G has no large alternating composition factors then χ(G) is exponential in n. More precisely they proved that the following result [1, Theorem 1] . Let G be a permutation group of degree n. Assume that G does not contain any alternating group Alt(l), (l > t ≥ 4) as a composition factor, then log 2 χ(G) n ≥ c t for some positive constant c. In the same paper, they raised the following question, what is inf( log 2 χ(G) n ) over all solvable groups G? This question was answered in a recent paper of the sixth author in [11] .
Since χ(G) ≥ n + 1, it seems natural to classify the groups with n + r set-orbits where r is small. The set-transitive groups (i.e. the permutations groups that have n + 1 set-orbits) have been classified in [2] . Motivated by this paper, we completely classify the groups with n + r set-orbits for 2 ≤ r ≤ 5. The paper is laid out in the following manner: in Sections 2 and 3, we give necessary definitions and useful facts. In Section 4, we establish some basic methods mimicking the proofs in [2] that allow us to classify all groups with χ(G) = n + r for any r such that the computations are feasible. In Section 5, we will classify groups with n + 2, n + 3, n + 4 and n + 5 set-orbits respectively. Definition 2.1 (Beaumont and Peterson, [2] ). Given an integer 0 ≤ s ≤ n, a permutation group G on n letters is called s-set-transitive if for all s-element subsets S, T ⊆ N , there exists g ∈ G such that gS = T .
We see that G is s-set-transitive if and only if χ s (G) = 1. In other words, an s-set-transitive group is a permutation group with exactly one s-set-orbit. Clearly, all permutation groups are 0-set-transitive and n-set-transitive. A 1-set-transitive permutation group just means transitive on N .
Definition 2.2 (Beaumont and Peterson, [2])
. A permutation group G on n letters is called set-transitive if G is s-set-transitive for all integers 0 ≤ s ≤ n.
Beaumont and Peterson successfully classified all set-transitive permutation groups [2] . This classification lends itself to a natural generalization in the following sense. Viewed in terms on the action of G on P(N ), we see that G is set-transitive if and only if χ(G) = n+1.Our paper seeks to classify completely the permutation groups G on n letters satisfying χ(G) = n + r, for small positive integers r. Before continuing, we state the following useful facts from [2] . Given a permutation group G on n letters:
(1) If G contains an s-set-transitive subgroup H, then G is s-set-transitive.
(2) If G is t-transitive, then G is s-set-transitive for all positive integers s ≤ t.
1
(3) The symmetric group S n is set-transitive. (4) The alternating group A n is set-transitive for all n ≥ 3.
, then G is primitive.
Main Theorems
Theorem 3 in [2] states that if G is s-set-transitive, then G is (n − s)-settransitive for any integer 1 ≤ s ≤ n − 1. We generalize this result in the following theorem: Theorem 3.1. Let G be a permutation group on n letters and let 0 ≤ s ≤ n be an integer. Then χ s (G) = χ n−s (G).
Since O is a set-orbit, there exists T j ∈ O such that gT i = T j . Since g is bijective,
Thus, the map O φ − → O from the set of s-set-orbits to the set of (n − s)-set-orbits is well-defined. By similar reasoning, the map Q ϕ − → Q from the set of (n − s)-set-orbits to the set of s-set-orbits is well-defined. And clearly ϕ = φ −1 . Hence, it follows that the set of s-set-orbits and the set of (n − s)-set-orbits are in bijection. So χ s (G) = χ n−s (G).
⊓ ⊔
Note that there are n + 1 distinct sizes of sets in P(N ). Hence, if n is odd, there are an even number of distinct set sizes, and so Theorem 3.1 implies that a permutation group on n letters must have an even number of set-orbits. Therefore, if n is odd and a permutation group G on n letters has χ(G) = n + r, then r will have to be odd as well. Now consider the situation where n is even and a permutation group G on n letters has an odd number of set-orbits. In this case, since χ s (G) = χ n−s (G) for all 0 ≤ s ≤ n, it follows that χ n/2 (G) must be odd. We summarize these results in the following corollary.
Corollary 3.2. Let G be a permutation group on n letters and suppose χ(G) = n + r.
(1) If r is even, then n is even.
(2) If r is odd and n is even, then χ n/2 (G) is odd.
Observe the following theorem from [7] .
Theorem 3.3 (Livingstone and Wagner, [7] ). Given a permutation group G on n letters and an integer 2 ≤ s ≤ n 2 , we have χ s−1 (G) ≤ χ s (G). Remark. This theorem along with Theorem 3.1 gives us a nice picture of how the set-orbits are distributed among the set sizes up to n. The middle sizes will have the most set-orbits, and anything larger or smaller will have a decreasing number of set-orbits in a symmetric manner.
Proof. By Theorem 7, Corollary 1 in [2] , it suffices to show that p > max
This is true by assumption, so we are done.
⊓ ⊔ Lemma 3.5. Let k be a positive integer and let G be a permutation group on n letters that does not contain A n . If there exists a prime p such that
Proof. By Lemma 3.4, such a group G is (n − p + 1)-transitive. And since G does not contain A n , it is at most ( n 3 + 1)-transitive (see [5] ). But n − p + 1 > n − 2n 3 + 1 = n 3 + 1, which is a contradiction.
⊓ ⊔ Note that both Lemmas 3.4 and 3.5 hold for k = 0 when n is even. If we find a maximum k 0 for which there exists a prime p such that Corollary 3.6. Let G be a permutation group on n letters not containing A n , where n is even (odd). Let k 0 be the greatest non-negative (positive) integer such that there exists a prime p with
Proof. If G is even, then the existence of such a non-negative k 0 shows that there exists a prime p such that Remark. Note that for a value of k = 0 the above theorem still holds true for even n. This theorem is powerful as it shows that often sets of the same size lie in different orbits. The larger n is, the more set-orbits G will have. The Theorem can be applied to make an upper bound on the amount of letters G can permute and have exactly n + r set-orbits. For example, the first value of n for which we get an applicable k 0 is n = 81, which gives k 0 = 7. This gives that a permutation group G on n letters not containing A n has at least 14 additional set-orbits, which leads to a Corollary.
Corollary 3.8. If a permutation group G on n letters that does not contain A n has less than n + 16 set-orbits, then n ≤ 81.
Outline of Methods
In this section we will outline a step-by-step method on how we fully classify groups with n+r set-orbits for 2 ≤ r ≤ 5 which can also be applied to classify groups with n+r set-orbits for even greater r. To outline our method we first reduce the amount of letters n on which G could act, then once we have a reasonably-sized list we can test a number of specific permutation groups for the remaining n values. Throughout the whole method we assume that any permutation group we consider does not contain A n because if it did then χ(G) = n + 1. We will exemplify how to do some of the steps in the calculation sections of this paper.
Step 0. Choose the r value for which you want to classify all groups with χ(G) = n + r. Let k 0 = r−1 2 and find the first n such that k 0 fits in the bounds specified by Theorem 3.8. The first n for which any k 0 appears is n = 81 with k 0 = 7. This is "
Step 0" because for any reasonable r, i.e. r < 16, we know that n ≤ 81.
Step 1. Now that we have an upper bound on n we can start eliminating some of the possible n. Right away, if r is even then we can eliminate all the odd n by Lemma 3.2. Since we need n + r set-orbits, we know that G cannot be s set-transitive for at most r − 1 different set sizes s. This is where we can use Corollary 3.7. If n is odd then we need a k 0 value such that there is a prime n−1 2 + k 0 < p < 2n 3 and 2k 0 > r − 1. If n is even then we need a k 0 value such that there is a prime n 2 + k 0 < p < 2n 3 and 2k 0 + 1 > r − 1. This is because then we would know that χ s (G) > 1 for 2k 0 different s values in the odd case, and 2k 0 + 1 different s values in the even case (due to the fact that χ n 2 (G) = χ n− n 2 (G)). If we look at a table of primes and find any such p values for the necessary k 0 for a given n, then we can remove that n from the list of candidates.
Step 2: Miller's Method. Now we look at our remaining n values and apply a theorem of Miller [8] which states that if n = mp 0 + r, p 0 is prime, m ∈ N, p > m, r > m, then a group G on n symbols, not containing A n , cannot be more than r-transitive. We decompose n so we have values of k, p 0 , r that fit the conditions and we try to find a sufficiently small r. Using Lemma 3.5, we see if we can find a small enough p such that n 2 +k 1 < p ≤ n, then n − p + 1 > r will contradict that G is n 2 + k 1 set-transitive. For this, k 1 is the same as k 0 in the last step but it is not necessary that n 2 +k 1 < 2n 3 . When we reach a contradiction, we can remove n from the list.
Step 3. Now we should have only a few n for which a permutation group on n letters can have n + r set-orbits. Now, we can reduce the number of groups even further. If for a given n, χ 2 (G) > 1 implies that χ(G) > n + r, we can assume χ 2 (G) = 1 and thus G is primitive. Similarly, if χ 1 (G) > 1 implies that χ(G) > n + r then G is transitive. We will use [10] to find the structure of the transitive groups we find. To reduce even further, we will introduce a theorem from [2] . Theorem 4.1. If a permutation group G on n letters is s set-transitive, then n s divides |G|. Since we know χ k 1 (G) = 1, we know that n k 1 must divide |G|. If we have that G is primitive or transitive, this leaves us with only a few groups. This step cannot be applied when n is so small that we cannot assume that χ s (G) = 1 for any s. In this case, we must simply check all non-trivial subgroups of S n except A n . This is feasible when n is small, which it will be for small enough r.
Step 4: Computation. At this point, we have a list of possible n which G permutes, and a list of possible groups for each n. Now we can simply run a GAP program to calculate χ(G) for each candidate, and list out the ones that have χ(G) = n + r as desired.
Remark. Since we are going in a linear order for r = 2, 3, 4, 5, we will often run into the same group twice. An example of this is when we consider all primitive groups on 8 letters such that 8 3 = 56 divides |G|, and in a later section we consider all primitive groups such that 8 2 = 28 divides |G|. We will not consider the same groups twice if we have already calculated χ(G), but rather just list the groups we know have χ(G) = n + r from previous sections and then only consider the groups whose order is divisible by 28 but not 56. There will be several different instances where we can use previous knowledge to reduce the possible number of groups with n + r set-orbits.
Groups With Few Set-Orbits
5.1. Groups With n + 2 Set-Orbits. Assume a group G on the set N = {1, . . . , n} has n + 2 set-orbits.
Looking at only even n and applying Step 1 with k 0 = 1, we are left with the possibilities: n = 2, 4, 6, 8, 10, 12, 14, 16, 24
To exemplify Step 2, we will show one of the calculations done. Since 24 = 1 × 19 + 4, then G is at most 4-transitive. Using k 1 = 1 we need to find the smallest prime p such that 13 < p ≤ 24, so p = 17. Thus, if G was 13 set-transitive, then it would be n − p + 1 = 8-transitive, which would contradict that it is at most 4-transitive. Thus, we know a permutation group on 24 letters cannot have χ(G) = n + 2.
We spare the reader from having to see any more of these calculations. At the end of this method, we are left with n = 2, 4, 6, 8, 12 Before continuing to Step 3, we take care of the trivial case of n = 2. The only permutation groups on 2 letters are the trivial group and S 2 . It happens that the trivial group has χ(G) = 4, so we must include it. We will no longer consider n = 2 for any r.
Now we move on to Step 3. We consider transitive groups on 4 letters and primitive groups on 6, 8, 12 letters such that 15, 56, 792 divides the group orders, respectively. Now we move on to Step 4, computation. We show all of the groups for which χ(G) = n + 2 in the following table. For the GAP ID we let nTr be TransitiveGroup(n,r), nPr be PrimitiveGroup(n,r), and nSr be ConjugacyClassesSubgroups(S n ) [r] . 5.2. Groups With n + 3 Set-Orbits. From the previous computations we know that V 4 on 4 letters and P SL(2, 7) on 8 letters has χ(G) = n + 3.
For
Step 1, we use a k 0 value of 2 for odd n and 1 for even n. We find primes in the necessary range and are left with n = 3, 4, . . . , 16, 19, 23, 24, 25, 43
Applying Step 2, we are left with n = 3, 4, 5, 6, 7, 8, 9, 11, 12 For n = 3, we check all subgroups of S 3 . For n = 4, 5 we check the transitive groups. For n = 6, 7, 8, 9, 11, 12 we check primitive groups with order divisible by 15, 21, 56, 84, 330, 792, respectively. Note that for the even n we are already done from the previous section. We show the results for all groups with n + 3 set-orbits in a table, using the same GAP identification key as in the previous section.
5.3. Groups With n + 4 Set-Orbits. We know that the same numbers we were unable to remove in the earlier sections will reappear. Since for even numbers we need k 0 = 2 the following n's can no longer be removed using
Step 1: n = 18, 22, 34, 42. So we must continue with n = 4, 6, 8, 10, 12, 14, 16, 18, 22, 24, 34, 42
After
Step 2 we have only n = 4, 6, 8, 10, 12
So we must check all subgroups of S 4 , the transitive groups on 6 letters, and the primitive groups on 8, 10, 12 letters that whose order is divisible by 28, 120, 495. We do not recheck the primitive groups on 8 letters divisible by 56.
The table of all groups with χ(G) = n + 4 is listed below.
72 6T13 10 P GL(2, 9) 720 10P4 10 P ΓL(2, 9) 1440 10P7 5.4. Groups With n + 5 Set-Orbits. From previous sections we have found 5 groups with n + 5 set-orbits. For even n we continue to use k 0 = 2, and for odd n we take k 0 = 3. After Step 1 & 2 we have the same even numbers as in the above section, so n = 4, 6, 8, 10, 12. The odd numbers after Step 1 will be the same as in the n + 3 case, but now we must add n = 17, 21, 33, 41. We must apply Step 2 to the odd numbers n = 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 33, 41, 43
After applying Step 2 we have n = 4, 5, 6, 7, 8, 9, 10, 11, 12
Note that once again, we handled all the necessary computations for the even n in the previous section. So we must check all subgroups of S 5 , the transitive subgroups of S 7 , and the primitive groups on 9, 11 letters whose order is divisible by 36, 165 but not 84, 330, respectively. We list all groups with n + 5 set-orbits in the 
Closing Remarks
One could continue to classify permutation groups with n + r set orbits, and maybe even program a computer to do it using the method laid out in this paper, but it becomes unfeasible when all subgroups of S n for larger n must be calculated. On a basic laptop, GAP was able to compute all subgroups up to conjugacy of all S n up to S 12 within a feasible amount of time. This tells us that one can go at least as far as n + 13 using the method laid out in this paper, as long as they do not run into any n values where χ(G) is particularly difficult to calculate for some primitive group G on n letters. We do not anticipate that any such group will be encountered, as our method is quite good at eliminating large n.
